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Abstract
Massless 2-point 2-loop diagram with arbitrary power of each propagator, which
corresponds to arbitrary loop insertion in each line, is explicitly computed in dimen-
sional regularization. The result can be used in evaluation of 5 (and more) loop RG
quantities.
The high-order radiative corrections provide important test for eld theory models. They
are especially interesting in Quantum ChromoDynamics, where the coupling constant is nu-
merically large. To this moment the 4-loop QCD corrections to various values have been
computed. Among them is Adler function [1], QCD -function [2] and quark mass anoma-
lous dimension [3]. The calculation of an l-loop renormalization-invariant function requires
the knowledge of the divergent part of l-loop diagrams or actually, for renormalizable the-
ories, the nite part of l − 1 loop diagrams. The integration by parts method [4] connects
the diagrams with dierent powers of propagators, thereby signicantly reducing the num-
ber of diagrams, which have to be computed explicitly. These basic 3-loop diagrams have
been computed in [5] within Gegenbauer polynomial x-space technique (GPXT). However
this technique has certain limitations, being extended to 4-loop diagrams, necessary for the
calculation of the 5-loop RG quantities. In this paper we demonstrate on simple exam-
ple, how to overcome some of these diculties with help of additional identities among the
Gegenbauer polynomials.














G(a1; a2; a3; a4; a5) (1)
If there is a loop insertion in some line, its power becomes ai = m+n with integer m;n and
 = (4− d)=2. For integer a1,4,5 and arbitrary a2,3 the function G can be easily expressed in
1
terms of the 1-loop functions with help of the integration by parts method [4]. For integer
a3,4,5 and arbitrary a1,2 this function was also found in [4] by means of scaling identities.
More complicated is the case of noninteger a5: the integral (1) with arbitrary a1,2,5 and
a3,4 = 1 has been found as twofold series within GPXT in [5]. However at the 4-loop level
(two insertions) one encounters the diagram with noninteger a1,3 which cannot be found
from the formulas of [5].
The reason is following. In GPXT one transforms the integral (1) to coordinate space
and expands the denominators in Gegenbauer polynomials Can:
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; xi = rix^i ; ri = jxij ; r1 < r2 : (2)
Various properties of the Gegenbauer polynomials can be found in [6]. The power a = 1 in
momentum space becomes   d=2 − 1 in coordinate space. The Gegenbauer polynomials









dx^ = 1. This property makes the angular integrations in (1)
trivial and -symbols reduce the number of summations in the nal results. However if the
propagator power ai in momentum space is noninteger, the orthogonality relation (3) cannot
be applied. Strictly speaking, only the lines, attached to the so-called root vertex (x = 0) in
coordinate space, may have arbitrary powers, since they do not depend on angular variables.







(+ n− 2k) Γ() Γ(a+ n− k) Γ(a− + k)
Γ(a) Γ(+ n− k + 1) Γ(a− ) (4)
which can be proved explicitly. It allows to express the polynomials with arbitrary index
a in terms of orthogonal ones Cλn . It also allows to perform the calculations not only in
coordinate space, but in momentum space as well.
As for our example (1), if all power ai are noninteger, the nal number of summations will
be 4 both in coordinate and momentum space. So we evaluate the integral (1) in momentum
space, where we do not have to deal with Bessel functions, which appear in expansion of the
plane wave eiqx in coordinate space. The nal result for (1) can be written in the following
form:
G(a1; a2; a3; a4; a5) = F (a1; a2; a5;−a4 + + 1; a2 + a3 + a5 − − 1)
+ F (a1; a5; a2; a1 + a2 + a3 + a4 + a5 − 2− 2; a2 + a3 + a5 − − 1)
+ F (a5; a2; a1;−a4 + + 1;−a3 − a4 − a5 + 2+ 2)
+ (a1 $ a2; a3 $ a4) (5)
where




m, n1, n2, n3=0
(m+ ) Γ(m+ 2)




Γ(ni + ai − ) Γ(m+ ni + ai)
ni! Γ(ai − ) Γ(ai) Γ(m+ ni + + 1) (6)
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and  = d=2− 1. While taking the radial integrations we assumed, that the arguments b1,2
in (5) are positive. However the equation (6) can be considered as analytical continuation
to arbitrary b1,2 except for negative integers and zero.
We do not know how to simplify the result (5, 6) further. In practical cases, for ai = m+n
the expansion in  = (4 − d)=2 involves various sums of Euler function  (n) = Γ0(n)=Γ(n)
of integer argument and its derivatives. They can be expressed in terms of Euler constant γ
and -function. In particular:
G(1 + 1; 1 + 2; 1 + 3; 1 + 4; 1 + 5) = 6 3
+ 
{




( 1− γ)( 24 3 + 18 4) + 12 γ23 − 6 23














This equation reproduces partial cases 1,4,5 = 0 and 3,4,5 = 0, which can be obtained from
explicit formulas of [4]. It takes certain eort to derive the expansion (7) to order 2 and
further. However, if some powers ai are integer, with help of (4) one can easily obtain similar
to (5, 6) results in coordinate space with less summations.
We notice in conclusion, that rst nontrivial 5-loop corrections  4sn2f to the Adler
function were recently computed in [8]. However, these terms do not involve the topology
considered here.
Author thanks K. Melnikov for teaching the multiloop calculations. The research sup-
ported by CRDF award RP2-2247, RFBR grant 00-02-17808 and INTAS project 2000-334.
References
[1] L.R. Surgaladze, M.A. Samuel, Phys.Rev.Lett. 66 (1990) 560, e. ibid. 2416; S.G. Gor-
ishny, A.L. Kataev and S.A. Larin, Phys.Lett. B259 (1991) 144
[2] T. van Ritbergen, J.A.M. Vermaseren and S.A. Larin, Phys.Lett. B400 (1997) 379
[3] K.G. Chetyrkin, Phys.Lett. B404 (1997) 161; J.A.M. Vermaseren, S.A. Larin, T. van
Ritbergen, Phys.Lett. B405 (1997) 327
[4] K.G. Chetyrkin, F.V. Tkachov, Nucl. Phys. B192 (1981) 159
[5] K.G. Chetyrkin, A.L. Kataev, F.V. Tkachov, Nucl.Phys. B174 (1980) 345
[6] H. Bateman, A. Erdelyi, Higher transcendental functions, V.2, NY 1953.
[7] W. Celmaster, R.J. Gonsalves, Phys.Rev. D21 (1980) 3112
[8] P.A. Baikov, K.G. Chetyrkin, J.H. Kuhn, hep-ph/0108197
3
